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Abstract
We study the quantization of systems that contain both ordinary fields with a
positive norm and their counterparts obeying different statistics. The systems have
novel fermionic symmetries different from the space-time supersymmetry and the
BRST symmetry. The unitarity of systems holds by imposing subsidiary conditions
on states.
1 Introduction
The spin-statistics theorem explains that observed particles of integer spin obey Bose-
Einstein statistics and are quantized by the commutation relations, and those of half odd
integer spin obey Fermi-Dirac statistics and are quantized by the anti-commutation re-
lations in the framework of relativistic quantum field theory [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13]. The study on abnormal fields has been little carried out [14, 15, 16, 17], ex-
cept for Faddeev-Popov ghosts, i.e., ghost fields appearing on the quantization of sys-
tems with local symmetries [18]. Here, abnormal fields mean particles obeying different
statistics from ordinary ones. We refer to a scalar field following anti-commutation rela-
tions as a ‘fermionic scalar field’ and to a spinor field following commutation relations
as a ‘bosonic spinor field’.
The reasons for the indifference of abnormal fields would be as follows. First, they
seem unrealistic because the standard model does not contain abnormal ones irrele-
vant to gauge symmetries. Second, in the introduction of abnormal fields, states with a
negative norm appear and the unitarity of systems can be violated. Third, even if such
unfavorable states are projected out by imposing subsidiary conditions on states, abnor-
mal fields become unphysical and cannot give any effects on physical processes. Hence,
we suppose that the existence of abnormal fields cannot be verified directly or this is the
same as the non-existence.
Nevertheless, it would be meaningful to examine systems with abnormal fields from
following reasons. There is a possibility that unphysical objects exist in nature if they
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are not prohibited from the consistency of theories. This is a similar idea to that Dirac
predicted the existence of magnetic monopole based on quantum theory. Unphysical
onesmight play a vital role at amore fundamental level. Furthermore, it is expected that
theymight leave some fingerprints and we could check them as indirect proofs.
This paper takes a scholarly look at the nature of abnormal fields. We study the quan-
tizationof systems that contain both ordinaryfieldswith a positivenormand their coun-
terparts obeying different statistics. We find that the systems have fermionic symmetries
and the unitarity of systems holds by imposing subsidiary conditions on states. The
fermionic symmetries are novel ones on a space of quantum fields, different from the
space-time supersymmetry and the BRST symmetry.
The content of this paper are as follows. We study the quantizationof systemof scalar
fields withOSp(2|2) symmetry in Sect. II and spinor fields with fermionic symmetries in
Sect. III. Section IV is devoted to conclusions and discussions.
2 Systems of scalar fields withOSp(2|2) symmetry
Let us study the system that an ordinary complex scalar fieldϕ and the fermionic one cϕ
coexist, described by the Lagrangian density,
Lϕ,cϕ = ∂µϕ†∂µϕ−m2ϕ†ϕ+∂µc†ϕ∂µcϕ−m2c†ϕcϕ. (1)
Based on the formulation with the property that the hermitian conjugate of canonical
momentum for a variable is just the canonical momentum for the hermitian conjugate of
the variable, we define the conjugatemomentum of ϕ, ϕ†, cϕ and c
†
ϕ as
π≡
(
∂Lϕ,cϕ
∂ϕ˙
)
R
= ϕ˙†, π† ≡
(
∂Lϕ,cϕ
∂ϕ˙†
)
L
= ϕ˙, (2)
πcϕ ≡
(
∂Lϕ,cϕ
∂c˙ϕ
)
R
= c˙†ϕ, π†cϕ ≡
(
∂Lϕ,cϕ
∂c˙†ϕ
)
L
= c˙ϕ, (3)
where R and L stand for the right-differentiation and the left-differentiation,respectively.
By solving the Klein-Gordon equations
(
+m2
)
ϕ = 0 and
(
+m2
)
cϕ = 0, we ob-
tain the solutions
ϕ(x)=
∫
d3k√
(2π)32k0
(
a(k)e−ikx +b†(k)e ikx
)
, (4)
ϕ†(x)=
∫
d3k√
(2π)32k0
(
a†(k)e ikx +b(k)e−ikx
)
, (5)
π(x)= i
∫
d3k
√
k0
2(2π)3
(
a†(k)e ikx −b(k)e−ikx
)
, (6)
π†(x)=−i
∫
d3k
√
k0
2(2π)3
(
a(k)e−ikx −b†(k)e ikx
)
, (7)
2
cϕ(x)=
∫
d3k√
(2π)32k0
(
c(k)e−ikx +d†(k)e ikx
)
, (8)
c†ϕ(x)=
∫
d3k√
(2π)32k0
(
c†(k)e ikx +d(k)e−ikx
)
, (9)
πcϕ(x)= i
∫
d3k
√
k0
2(2π)3
(
c†(k)e ikx −d(k)e−ikx
)
, (10)
π†cϕ(x)=−i
∫
d3k
√
k0
2(2π)3
(
c(k)e−ikx −d†(k)e ikx
)
, (11)
where k0 =
p
k2+m2 and kx = kµxµ.
Using (2) and (3), the Hamiltonian density is obtained as
Hϕ,cϕ =πϕ˙+ ϕ˙†π†+πcϕ c˙ϕ+ c˙†ϕπ†cϕ −Lϕ,cϕ
=ππ†+∇ϕ†∇ϕ+m2ϕ†ϕ+πcϕπ†cϕ +∇c†ϕ∇cϕ+m2c†ϕcϕ. (12)
The system is quantized by regarding variables as operators and imposing the follow-
ing relations on the canonical pairs (ϕ,π), (ϕ†,π†), (cϕ,πcϕ) and (c
†
ϕ,π
†
cϕ),
[ϕ(x, t ),π(y, t )]= iδ3(x−y), [ϕ†(x, t ),π†(y, t )]= iδ3(x−y), (13)
{cϕ(x, t ),πcϕ(y, t )}= iδ3(x−y), {c†ϕ(x, t ),π†cϕ(y, t )}=−iδ
3(x−y), (14)
where [O1,O2]≡O1O2−O2O1, {O1,O2}≡O1O2+O2O1, and only the non-vanishing ones
are denoted. Or equivalently, the following relations are imposed on,
[a(k),a†(l)]= δ3(k− l), [b(k),b†(l)]= δ3(k− l), (15)
{c(k),c†(l)}= δ3(k− l), {d(k),d†(l)}=−δ3(k− l), (16)
and others are zero.
By inserting (4) – (11) into (12), the HamiltonianHϕ,cϕ is written by
Hϕ,cϕ =
∫
Hϕ,cϕd
3x =
∫
d3kk0
(
a†(k)a(k)+b†(k)b(k)+c†(k)c(k)−d†(k)d(k)
)
. (17)
Note that the sum of the zero-point energies vanishes due to the cancellation between
contributions from (ϕ,ϕ†) and (cϕ,c
†
ϕ).
The eigenstates forHϕ,cϕ are constructed by acting the creationoperators a
†(k), b†(k),
c†(k) and d†(k) on the vacuum state |0〉, where |0〉 is defined by the conditions a(k)|0〉 =
0, b(k)|0〉 = 0, c(k)|0〉 = 0 and d(k)|0〉 = 0. We find that the energy is positive semi-
definite, because the effect on the negative sign appearing in front of d†(k)d(k) in Hϕ,cϕ
changes into an opposite one by the negative sign in the relation {d(k),d†(l)}=−δ3(k−l).
The microscopic causality also holds seen from the 4-dimensional relations as
[ϕ(x),ϕ†(y)]= {cϕ(x),c†ϕ(y)}=
∫
d3k
(2π)32k0
(
e−ik(x−y)−e ik(x−y)
)
3
=
∫
d4k
(2π)3
ǫ(k0)δ(k
2−m2)e−ik(x−y) ≡ i∆(x− y), (18)
[ϕ(x),ϕ(y)]= 0, [ϕ†(x),ϕ†(y)]= 0, {cϕ(x),cϕ(y)}= 0, {c†ϕ(x),c†ϕ(y)}= 0, (19)
[ϕ(x),cϕ(y)]= 0, [ϕ(x),c†ϕ(y)]= 0, [ϕ†(x),cϕ(y)]= 0, [ϕ†(x),c†ϕ(y)]= 0, (20)
where ǫ(k0)= k0/|k0|with ǫ(0)= 0, ∆(x− y) is the invariant delta function, and two fields
separated by a space-like interval commute or anti-commute with each other as seen
from the relation ∆(x− y) = 0 for (x − y)2 < 0. Note that bosonic variables composed of
cϕ and c
†
ϕ are commutative to any bosonic variables separated by a space-like interval.
The system contains negative norm states originated from {d(k),d†(l)}=−δ3(k− l).
For instance, from the relation,
0<
∫
d3k
∣∣ f (k)∣∣2 =−∫d3k∫d3l f (k)∗ f (l)〈0|{d(k),d†(l)}|0〉
=−
∫
d3k
∫
d3l f (k)∗ f (l)〈0|d(k)d†(l)|0〉 =−
∣∣∣∣
∫
d3k f (k)d†(k)|0〉
∣∣∣∣2 , (21)
we see that the state
∫
d3k f (k)d†(k)|0〉 has a negative norm. Here, f (k) is some square
integrable functions. In the presence of negative norm states, the probability interpre-
tation cannot be endured. In the following, it is shown that the system has fermionic
symmetries and they can guarantee the unitarity of the system.
Now, let us investigate the symmetries of the system. The Lϕ,cϕ is invariant under
the transformations whose generators are the Lie algebras ofOSp(2|2). In the appendix
A, we explainmore aboutOSp(2|2) andOSp(1,1|2) and field theories with such symme-
tries.
The transformations form following types.
(a)U (1) transformation relatingϕ and ϕ†:
δoϕ=−iqǫoϕ, δoϕ† = iqǫoϕ†, δocϕ = 0, δoc†ϕ = 0, (22)
where q is aU (1) charge of ϕ and ǫo is an infinitesimal real number.
(b)U (1) transformation relating cϕ and c
†
ϕ:
δgϕ= 0, δgϕ† = 0, δgcϕ =−iqǫgcϕ, δgc†ϕ = iqǫgc†ϕ, (23)
where q is aU (1) charge of cϕ and ǫg is an infinitesimal real number.
(c)Fermionic transformations:
δFϕ=−rζcϕ, δFϕ† = 0, δFcϕ = 0, δFc†ϕ = rζϕ†, (24)
δ†
F
ϕ= 0, δ†
F
ϕ† = rζ†c†ϕ, δ†Fcϕ = rζ†ϕ, δ
†
F
c†ϕ = 0, (25)
where r = q1/2 and ζ and ζ† are Grassmann numbers. Note that δF and δ†F are not gener-
ated by hermitian operators, different from the generator of the BRST transformation in
systems with first class constraints [19] and that of the topological symmetry [20, 21].
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From the above transformation properties, we see that δF and δ
†
F
are nilpotent, i.e.,
δF
2 = 0 and δ†
F
2 = 0 where δF and δ†F, are defined by δF = ζδF and δ
†
F
= ζ†δ†
F
, respectively.
Furthermore, the following algebraic relations hold:
QF
2 = 0, Q†
F
2 = 0, {QF,Q†F}=Qo+Qg ≡ND, (26)
whereQF,Q
†
F
,Qo andQg are corresponding generators (charges) given by
δFΦ= i [ζQF,Φ], δ†FΦ= i [Q
†
F
ζ†,Φ], δoΦ= i [ǫoQo,Φ], δgΦ= i [ǫgQg,Φ]. (27)
From the definition,
ζQF ≡
∫
d3x
[(
∂Lϕ,cϕ
∂ϕ˙
)
R
δFϕ+δFc†ϕ
(
∂Lϕ,cϕ
∂c˙†ϕ
)
L
]
, (28)
Q†
F
ζ† ≡
∫
d3x
[
δ†
F
ϕ†
(
∂Lϕ,cϕ
∂ϕ˙†
)
L
+
(
∂Lϕ,cϕ
∂c˙ϕ
)
R
δ†
F
cϕ
]
, (29)
the conserved fermionic chargesQF andQ
†
F
are obtained by
QF =
∫
d3x r
(
−πcϕ+ϕ†π†cϕ
)
=−i
∫
d3k r
(
a†(k)c(k)−d†(k)b(k)
)
, (30)
Q†
F
=
∫
d3x r
(
−c†ϕπ†+πcϕϕ
)
= i
∫
d3k r
(
c†(k)a(k)−b†(k)d(k)
)
. (31)
Then, under the fermionic transformations, the canonical momenta are transformed as,
δFπ= 0, δFπ† =−rζπ†cϕ , δFπcϕ = rζπ, δFπ
†
cϕ
= 0, (32)
δ†
F
π= rζ†πcϕ , δ†Fπ† = 0, δ
†
F
πcϕ = 0, δ†Fπ†cϕ =−rζ
†π†. (33)
The conservedU (1) charge ND is given by
ND =
∫
d3k q
(
a†(k)a(k)−b†(k)b(k)+c†(k)c(k)+d†(k)d(k)
)
. (34)
We find that theU (1) charge of particle corresponding b†(k)|0〉 and d†(k)|0〉 is opposite
to that corresponding a†(k)|0〉 and c†(k)|0〉. Hence, a(k) (c(k)) and b†(k) (d†(k)) are re-
garded as the annihilationoperator of particle (fermionic one) and the creation operator
of antiparticle (antiparticle of fermionic one), respectively.
It is easily understood thatLϕ,cϕ is invariant under the transformations (24) and (25),
from the nilpotency of δF and δ
†
F
and the relations,
Lϕ,cϕ = δFδ†F
(
Lϕ/q
)
=−δ†
F
δF
(
Lϕ/q
)
, (35)
where Lϕ is given by
Lϕ = ∂µϕ†∂µϕ−m2ϕ†ϕ. (36)
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The Hamiltonian densityHϕ,cϕ is written in theQF andQ
†
F
exact forms such that
Hϕ,cϕ =
{
QF,
{
Q†
F
,Hϕ/q
}}
=−
{
Q†
F
,
{
QF,Hϕ/q
}}
, (37)
where Hϕ is given by
Hϕ =ππ†+∇ϕ†∇ϕ+m2ϕ†ϕ. (38)
To formulate our model in a consistent manner, we use a feature that a conserved
charge can be, in general, set to be zero as a subsidiary condition. We impose the following
subsidiary conditions on states to select physical states,
QF|phys〉 = 0, Q†F|phys〉 = 0, ND|phys〉 = 0. (39)
Note thatQ†
F
|phys〉 = 0means 〈phys|QF = 0. The conditions (39) are interpreted as coun-
terparts of the Kugo-Ojima subsidiary condition in the BRST quantization [22, 23]. We
find that all states, except for the vacuum state |0〉, are unphysical because they do not
satisfy (39). This feature is understood as the quartetmechanism [22, 23]. The projection
operator P (n) on the states with n particles is given by
P (n) = 1
n
(
a†P (n−1)a+b†P (n−1)b+c†P (n−1)c−d†P (n−1)d
)
(n ≥ 1), (40)
and is written by
P (n) = i
{
QF,R
(n)
}
, (41)
where R (n) is given by
R (n) = 1
n
(
c†P (n−1)a+b†P (n−1)d
)
(n ≥ 1). (42)
We find that any state with n ≥ 1 is unphysical from the relation 〈phys|P (n)|phys〉 = 0
for n ≥ 1. Then, we understand that both ϕ and cϕ become unphysical, and only |0〉 is
the physical one. This is also regarded as a field theoretical version of the Parisi-Sourlas
mechanism [24].
The system is also described by hermitian fermionic charges defined byQ1 ≡QF+Q†F
andQ2 ≡ i (QF−Q†F). They satisfy the relationsQ1Q2+Q2Q1 = 0,Q12 =ND andQ22 =ND.
ThoughQ1,Q2 andND form elements of theN = 2 (quantummechanical) supersymme-
try algebra [25], our systemdoes not possess the space-time supersymmetrybecauseND
is not our Hamiltonian Hϕ,cϕ but theU (1) charge ND. Only the vacuum state is selected
as the physical states by imposing the following subsidiary conditions on states, in place
of (39),
Q1|phys〉 = 0, Q2|phys〉 = 0, ND|phys〉 = 0. (43)
It is also understood that our fermionic symmetries are different from the space-time
supersymmetry, from the fact thatQ1 andQ2 are scalar charges. They are also different
from the BRST symmetry, as seen from the algebraic relations among charges.
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We discuss interactions among fields forming QF-doublets. Let us consider a sys-
tem with two sets of QF-doublet scalar fields (ϕ1, cϕ1 ) and (ϕ2, cϕ2 ), described by the
Lagrangian density,
Lϕi ,cϕi
= ∂µϕ†1∂µϕ1−m21ϕ†1ϕ1+∂µc†ϕ1∂
µcϕ1 −m21c†ϕ1cϕ1
+∂µϕ†2∂µϕ2−m22ϕ†2ϕ2+∂µc†ϕ2∂µcϕ2 −m22c†ϕ2cϕ2
−λ
(
ϕ†1ϕ1+c†ϕ1cϕ1
)(
ϕ†2ϕ2+c†ϕ2cϕ2
)
= δFδ†F
(
∂µϕ
†
1∂
µϕ1−m21ϕ†1ϕ1+∂µϕ†2∂µϕ2−m22ϕ†2ϕ2−λϕ†1ϕ1ϕ†2ϕ2
)
, (44)
where we take q = 1 for simplicity. We find that Lϕi ,cϕi does not receive any radiative
corrections, due to the cancellation between contributions from ϕi and cϕi , in the pres-
ence of interactions. Or QF-doublets interact with each other respecting the OSp(2|2)
invariance at the quantum level. This system is also unrealistic, because all fields be-
come unphysical and only the vacuum state survives as a physical one after imposing
subsidiary conditions on states.
3 Systems of spinor fields with fermionic symmetries
We study the system that an ordinary spinor field ψ and its bosonic counterpart cψ co-
exist, described by the Lagrangian density,
Lψ,cψ = iψγµ∂µψ−mψψ+ icψγµ∂µcψ−mcψcψ, (45)
whereψ≡ψ†γ0, cψ ≡ c†ψγ0 and γµ are the gammamatrices satisfying {γµ,γν}= 2ηµν.
The canonical conjugatemomentum ofψ and cψ are given by
πψ ≡
(
∂Lψ,cψ
∂ψ˙
)
R
= iψγ0 = iψ†, πcψ ≡
(
∂Lcψ
∂c˙ψ
)
R
= icψγ0 = ic†ψ. (46)
By solving the Dirac equations (iγµ∂µ−m)ψ = 0 and (iγµ∂µ−m)cψ = 0, we obtain
the solutions,
ψ(x)=
∫
d3k√
(2π)32k0
∑
s
(
a(k, s)u(k, s)e−ikx +b†(k, s)v(k, s)e ikx
)
, (47)
πψ(x)= i
∫
d3k√
(2π)32k0
∑
s
(
a†(k, s)u†(k, s)e ikx +b(k, s)v†(k, s)e−ikx
)
, (48)
cψ(x)=
∫
d3k√
(2π)32k0
∑
s
(
c(k, s)u(k, s)e−ikx +d†(k, s)v(k, s)e ikx
)
, (49)
πcψ(x)= i
∫
d3k√
(2π)32k0
∑
s
(
c†(k, s)u†(k, s)e ikx +d(k, s)v†(k, s)e−ikx
)
, (50)
where s represents the spin state, and u(k, s) and v(k, s) are Dirac spinors on the mo-
mentum space. They satisfy the relations,∑
s
u(k, s)u(k, s)= k
/
+m,
∑
s
v(k, s)v(k, s)= k
/
−m, (51)
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where u(k, s)≡ u†(k, s)γ0, v(k, s)≡ v†(k, s)γ0 and k
/
= γµkµ.
Using (46), the Hamiltonian density is obtained as
Hψ,cψ =πψψ˙+πcψ c˙ψ−Lψ,cψ =−i
3∑
i=1
ψγi∂iψ+mψψ− i
3∑
i=1
cψγ
i∂i cψ+mcψcψ. (52)
The system is quantized by regarding variables as operators and imposing the follow-
ing relations on the canonical pairs (ψ,πψ) and (cψ,πcψ),
{ψα(x, t ),π
β
ψ(y, t )}= iδαβδ3(x−y), [cαψ(x, t ),π
β
cψ(y, t )]= iδαβδ3(x−y), (53)
and others are zero. Here, α and β are spinor indices. Or equivalently, the following
relations are imposed on,
{a(k, s),a†(l, s ′)}= δss′δ3(k− l), {b(k, s),b†(l, s ′)}= δss′δ3(k− l), (54)
[c(k, s),c†(l, s ′)]= δss′δ3(k− l), [d(k, s),d†(l, s ′)]=−δss′δ3(k− l), (55)
and others are zero.
By inserting (47) – (50) into (52), the HamiltonianHψ,cψ is written by
Hψ,cψ =
∫
Hψ,cψd
3x =
∫
d3k
∑
s
k0
(
a†(k, s)a(k, s)+b†(k, s)b(k, s)
+c†(k, s)c(k, s)−d†(k, s)d(k, s)
)
, (56)
where the sum of the zero point energies vanishes due to the cancellation between con-
tributions from (ψ,ψ†) and (cψ, c
†
ψ).
The eigenstates for Hψ,cψ are constructed by acting the creation operators a
†(k, s),
b†(k, s), c†(k, s) and d†(k, s) on the vacuum state |0〉, where |0〉 is defined by the con-
ditions a(k, s)|0〉 = 0, b(k, s)|0〉 = 0, c(k, s)|0〉 = 0 and d(k, s)|0〉 = 0. The energy is pos-
itive semi-definite, because the effect on the negative sign in front of d†(k, s)d(k, s) in
Hϕ,cϕ changes into an opposite one by the negative sign in the relation [d(k, s),d
†(l, s)]=
−δss′δ3(k− l).
We find that two fields separated by a space-like interval anti-commute or commute
with each other as seen from ∆(x− y)= 0 for (x− y)2 < 0 and the relations,
{ψα(x),ψ
β
(y)}= [cαψ(x),cβψ(y)]=
(
iγµ∂µ+m
)αβ∫ d3k
(2π)32k0
(
e−ik(x−y)−e ik(x−y)
)
=
(
iγµ∂µ+m
)αβ
i∆(x− y)≡ iSαβ(x− y), (57)
{ψα(x),ψβ(y)}= 0, {ψα(x),ψβ(y)}= 0, [cαψ(x),c
β
ψ(y)]= 0, [cαψ(x),c
β
ψ(y)]= 0, (58)
[ψα(x),c
β
ψ(y)]= 0, [ψα(x),cβψ(y)]= 0, [ψα(x),cβψ(y)]= 0, [ψα(x),cβψ(y)]= 0. (59)
Hence, the microscopic causality also holds on.
The system contains negative normstates as seen from the relation [d(k, s),d†(l, s ′)]=
−δss′δ3(k− l). It is also shown that the system has fermionic symmetries and they can
guarantee the unitarity of the system.
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The Lψ,cψ is invariant under the fermionic transformations,
δFψ= rζcψ, δFψ† = 0, δFcψ = 0, δFc†ψ = rζψ†, (60)
δ†
F
ψ= 0, δ†
F
ψ† = rζ†c†ψ, δ†Fcψ =−rζ†ψ, δ
†
F
c†ψ = 0 (61)
and theU (1) transformation,
δψ=−iqǫψ, δψ† = iqǫψ†, δcψ =−iqǫcψ, δc†ψ = iqǫc†ψ, (62)
where r = q1/2 and q is theU (1) charge of ψ and cψ. The corresponding generators are
given by
QF =−i
∫
d3k
∑
s
r
(
a†(k, s)c(k, s)−d†(k, s)b(k, s)
)
, (63)
Q†
F
=−i
∫
d3k
∑
s
r
(
c†(k, s)a(k, s)−b†(k, s)d(k, s)
)
, (64)
ND =
∫
d3k
∑
s
q
(
a†(k, s)a(k, s)−b†(k, s)b(k, s)
+c†(k, s)c(k, s)+d†(k, s)d(k, s)
)
. (65)
We have the algebraic relationsQF
2 = 0,Q†
F
2 = 0 and {QF,Q†F}=ND. We find that theU (1)
charge of particle corresponding b†(k, s)|0〉 is opposite to that corresponding a†(k, s)|0〉.
Hence, a(k, s) and b†(k, s) are regarded as the annihilation operator of particle and the
creation operator of antiparticle, respectively. In the same way, c(k, s) and d†(k, s) are
regarded as the annihilation operator of bosonic particle and the creation operator of
bosonic antiparticle, respectively.
It is easily understood thatLψ,cψ is invariant under the transformations (60) and (61),
from the nilpotency of δF and δ
†
F
and the relations,
Lψ,cψ = δFδ†F
(
Lψ/q
)
=−δ†
F
δF
(
Lψ/q
)
, (66)
where Lψ is given by
Lψ = iψγµ∂µψ−mψψ. (67)
The Hamiltonian densityHψ,cψ is written in theQF andQ
†
F
exact forms such that
Hψ,cψ =
{
QF,
{
Q†
F
,Hψ/q
}}
=−
{
Q†
F
,
{
QF,Hψ/q
}}
, (68)
where Hψ is given by
Hψ =−i
3∑
i=1
ψγi∂iψ+mψψ. (69)
To formulate our model in a consistent manner, we impose the subsidiary condi-
tions,
QF|phys〉 = 0, Q†F|phys〉 = 0, ND|phys〉 = 0, (70)
and find that all states, except for the vacuum state |0〉, are unphysical through the quar-
tet mechanism, in the similar way as the scalar fields in the previous section.
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4 Conclusions and discussions
Wehave studied the quantization of systems that contain both ordinary fieldswith a pos-
itive normand their counterparts obeying different statistics, and found that the systems
have new type of fermionic symmetries and the unitarity of systems holds by imposing
subsidiary conditions on states.
The systems considered are unrealistic, because they are empty leaving the vacuum
state alone as the physical state. QF singlet fields are needed to realize our world. For
a system thatQF-singlets andQF-doublets coexist with exact fermionic symmetries, the
Lagrangian density is, in general, written in the form as LTotal =LS+LD+Lmix =LS+
δFδ
†
F
(∆L ). Here, LS, LD and Lmix stand for the Lagrangian density forQF-singlets,QF-
doublets and interactions between QF-singlets and QF-doublets. Under the subsidiary
conditions QF|phys〉 = 0, Q†F|phys〉 = 0 and ND|phys〉 = 0 on states, all QF-doublets be-
come unphysical. This system seems to be same as that described byLS alone, because
QF-doublets do not give any dynamical effects on QF-singlets. From this, we suppose
that it is not possible to show the existence of QF-doublets. However, in a very special
case, an indirect proof would be possible through fingerprints left by symmetries in a
fundamental theory. The fingerprints are specific relations among parameters such as a
unification of coupling constants, reflecting on underlying symmetries [17]. This subject
will be reexamined in the separate publication [26].
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A OSp(2|2) andOSp(1,1|2)
TheOSp(2|2) is the groupwhose elements are generators of transformationswhich leave
the inner product x2 + y2+ 2iθ1θ2. Here, x and y are real numbers, and θ1 and θ2 are
hermitian Grassmann numbers,
θ†1 = θ1, θ†2 = θ, θ12 = 0, θ22 = 0. (71)
The infinitesimal transformations are classified into following types.
(a) Rotation relating x and y :
δrx =−ǫry, δry = ǫrx, δrθ1 = 0, δrθ2 = 0, (72)
where ǫr is an infinitesimal real parameter.
(b) Rotation relating θ1 and θ2:
δr′x = 0, δr′ y = 0, δr′θ1 =−ǫr′θ2, δr′θ2 = ǫr′θ1, (73)
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where ǫr′ is an infinitesimal real parameter.
(c) Fermionic transformations:
δ1x =−iζ1θ2, δ1y = iζ1θ1, δ1θ1 = ζ1x, δ1θ2 = ζ1y, (74)
δ2x =−iζ2θ1, δ2y =−iζ2θ2, δ2θ1 = ζ2y, δ2θ2 =−ζ2x, (75)
where ζ1 and ζ2 are Grassmann numbers.
By introducing four hermitian scalar fields, we can construct a Lagrangian density
withOSp(2|2) invariance as follows,
LOSp(2|2) =
1
2
(
∂µφ1∂
µφ1+∂µφ2∂µφ2
)
− 1
2
m2
(
φ1
2+φ22
)
+ i∂µc1∂µc2− im2c1c2, (76)
where φ1 and φ2 are ordinary hermitian scalar fields and c1 and c2 are fermionic hermi-
tian scalar fields.
Using complex scalar fields defined by
ϕ≡ 1p
2
(
φ1+ iφ2
)
, cϕ ≡
1p
2
(c1+ ic2) , (77)
the above Lagrangian density (76) is rewritten as
LOSp(2|2) = ∂µϕ†∂µϕ−m2ϕ†ϕ+∂µc†ϕ∂µcϕ−m2c†ϕcϕ. (78)
The Lagrangian density (78) is just given by (1).
For a reference sake, we compare the above-mensioned system with a system of
scalar fields with OSp(1,1|2). The OSp(1,1|2) is the group whose elements are gener-
ators of transformations which leave the inner product x2− y2+ 2iθ1θ2. Notice that a
negative sign exists in front of y2. The infinitesimal transformations are classified into
following types.
(a) Boost relating x and y :
δbx =−ǫby, δby =−ǫbx, δbθ1 = 0, δbθ2 = 0, (79)
where ǫb is an infinitesimal real parameter.
(b) Rotation relating θ1 and θ2:
δr′x = 0, δr′ y = 0, δr′θ1 =−ǫr′θ2, δr′θ2 = ǫr′θ1, (80)
where ǫr′ is an infinitesimal real parameter.
(c) Fermionic transformations:
δBx =λθ1, δBy =−λθ1, δBθ1 = 0, δBθ2 = iλ(x+ y), (81)
δBx =λθ2, δBy =−λθ2, δBθ1 =−iλ(x+ y), δBθ2 = 0, (82)
where λ is a Grassmann numbers with λ∗ =−λ.
By introducing four hermitian scalar fields, we can construct a Lagrangian density
withOSp(1,1|2) invariance as follows,
LOSp(1,1|2) =
1
2
(
∂µφ3∂
µφ3−∂µφ0∂µφ0
)
− 1
2
m2
(
φ3
2−φ02
)
+ i∂µc1∂µc2− im2c1c2, (83)
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where φ3 is an ordinary hermitian scalar field, φ0 is a hermitian scalar field with a nega-
tive norm, and c1 and c2 are fermionic hermitian scalar fields.
Using hermitian scalar fields defined by
B ≡ 1p
2
(
φ3+φ0
)
, φ≡ 1p
2
(
φ3−φ0
)
, (84)
the above Lagrangian density (83) is rewritten as
LOSp(1,1|2) = ∂µB∂µφ−m2Bφ+ i∂µc∂µc− im2cc, (85)
where c = c1 and c = c2. The interacting model containing LOSp(1,1|2) as a free part has
been constructed and studied [14, 15].
The Lagrangian density (85) is invariant under the following fermionic transforma-
tions,
δBφ=λc, δBc = 0, δBc = iλB , δBB = 0, (86)
δBφ=λc , δBc =−iλB δBc = 0, δBB = 0. (87)
They correspond to the BRST and anti-BRST transformations, respectively. The follow-
ing algebraic relations hold:
QB
2 = 0, QB
2 = 0, {QB,QB}= 0, (88)
whereQB andQB are the BRST and the anti-BRST charges given by
δBΦ= i [λQB,Φ], δBΦ= i [λQB,Φ]. (89)
The Lagrangian density (85) is rewritten by
LOSp(1,1|2) = δB
(
−i∂µc∂µφ+ im2cφ
)
= δBδB
(
− i
2
∂µφ∂
µφ+ i
2
m2φφ
)
, (90)
where δB and δB are defined by δB =λδB and δB =λδB, respectively.
Finally, we point out that the Lagrangian density (90) consists of the gauge-fixing
term and the Faddeev-Popov ghost term for the system of φ with an empty dynamics.
The systemwith the empty action integral S = 0 has the invariance under the local trans-
formationφ(x)→φΛ =φ(x)+Λ(x), and after taking the gauge-fixing condition,
f (φΛ(x))= (∂µ∂µ+m2)φ(x)= 0, (91)
we obtain the Lgrangian density,
Lgf+gh = δB
(
−ic(∂µ∂µ+m2)φ
)
=−B(∂µ∂µ+m2)φ− ic(∂µ∂µ+m2)c. (92)
The Lagrangian density (92) becomesLOSp(1,1|2) after the partial integration in the action
integral.
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